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Abstract
For di%erences 1khf of arbitrary order k with step h estimates of F(‖1khf‖Lp(a;a+	h)), 	¿ 0, via
F(‖1khf‖Lp(a+	h;a+h)) are obtained for certain functionals F and certain ¿	.
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1. Introduction
Let 16p6∞;−∞¡a¡b¡∞ and f∈Lp(a; b). Consider the norm of the di%erence
‖1hf‖Lp(a;a+	h) = ‖f(x + h)− f(x)‖Lp(a;a+	h);
where 	¿ 0 and 0¡h¡ (b−a)=(	+1). In some problems in real analysis a question arises whether
it is possible to estimate this quantity via ‖1hf‖Lp(a+	h;a+h) for some ¿	.
Clearly one cannot expect to obtain a pointwise estimate
‖1hf‖Lp(a;a+	h)6 c1‖1hf‖Lp(a+	h;a+h) (1)
for su=ciently small h¿ 0, for any ¿	 and c1¿ 0 independent of f and h. This can be con?rmed
by the following example. Let a=0; b=1; 	=1 and ¿ 1. Moreover, let hk = (1+ )−k+1; k ∈N,
and k ; k ∈N, be an arbitrary strictly decreasing sequence of positive numbers. De?ne f∈Lp(0; 1)
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by the equations f(x) = k+1 for hk+1¡x6 hk ; k ∈N: Then, for any hk ; k ∈N,
‖1hkf‖Lp(0;hk)¿ ‖1hkf‖Lp(hk+1 ;hk) = (k − k+1)(hk − hk+1)1=p ¿ 0
because, for hk+1¡x6 hk , f(x)= k+1 and, since hk ¡x+hk6 2hk ¡hk−1, f(x+hk)= k . On the
other hand ‖1hkf‖Lp(hk ;hk) = 0 because, for hk ¡x6 hk , hk ¡x; x + hk6 (1 + )hk = hk−1 hence
f(x) = f(x + hk) = k . Therefore, (1) cannot hold.
However, it appears that, for certain functionals F , the estimate
F(‖1hf‖Lp(a;a+	h))6 c2F(‖1hf‖Lp(a+	h;a+h)) (2)
can hold for some ¿	 and c2¿ 0 independent of f.
In this paper, for l¿ 0; 16 6∞ and ¿ 0, we consider the functional
F() =
(∫ 
0
(h−l(h))
dh
h
)1=
(3)
if ¡∞ and
F() = sup
0¡h6
h−l(h) (4)
if =∞, de?ned on functions  nonnegative and measurable on (0; ]. We also consider di%erences
(1khf)(x) =
∑k
s=0(−1)k−s
(
k
s
)
f(x + sh) of arbitrary order k ∈N.
Functionals (3) and (4) are often used in real analysis, especially in the theory of spaces of
di%erentiable functions and the interpolation theory. They are of particular importance in the study
of the Nikol’skii–Besov spaces Blp; (see [1–6]).
2. Inequalities for dierences
Theorem. Let l¿ 0; k ∈N; k ¿ l; 16p; 6∞; ¿ 0; s∈N; s¿ 2, a∈R; 0¡	¡∞. Then
there exists c3¿ 0, depending only on 	; s; k and l, such that 1(∫ 
0
(h−l‖1khf‖Lp(a; a+	h))
dh
h
)1=
6 c3 sup
m∈N 0 ;
m6k(s−1)−1

∫ s
0
(h−l‖1khf‖Lp(a+(	+m)h;a+(s	+m+1)h))
dh
h


1=
(5)
for all real-valued functions f measurable on (a; a+ (k + 	)) for which the left-hand side of this
inequality is ;nite, in particular, for all f∈C∞([a; a+ (k + 	)]).
Remark 1. If 0¡	6 1, then one can take c3 = sk=(sl − 1). In the general case one can take c3
de?ned by formula (25) below.
1 If  =∞, then the integrals should be replaced by the appropriate suprema.
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Corollary 1. Under the assumptions of Theorem
(∫ 
0
(h−l‖1khf‖Lp(a;a+	h))
dh
h
)1=
6 c3
(∫ =s
0
(h−l‖1khf‖Lp(a+	h;a+(s	+k(s−1))h))
dh
h
)1=
: (6)
Inequality (6) follows from (5) since for all m under consideration
(a+ (	+ m)h; a+ (s	+ m+ 1)h) ⊂ (a+ 	h; a+ (s	+ k(s− 1))h):
Corollary 2. Let l¿ 0; k ∈N; k ¿ l; 16p; 6∞;−∞¡a¡b¡∞; 0¡	¡∞, 0¡6 (b−a)=
[2(	+ k)]. Then there exists c4¿ 0, depending only on 	; k and l, such that
F(‖1khf‖Lp(a;a+	h))6 c4F(‖1khf‖Lp(a+	h;a+(2	+k)h)); (7)
where F is the functional de;ned by (3)–(4), for all real-valued functions f measurable on (a; b)
for which the left-hand side of this inequality is ;nite, in particular, for all f∈C∞([a; b]).
Inequality (7) follows from (6) if to take s= 2 and note that for x∈ (a+ 	h; a+ (2	 + k)h) the
inequality x + kh¡a+ (2	+ k)6 b is satis?ed, hence the di%erence 1khf is de?ned.
We note the following simplest particular case of (5) and (6). Let 0¡l¡ 1, k = 1; 16p =
6∞; s= 2−∞¡a¡b¡∞, 	= 1 and = (b− a)=2. Then both (5) and (6) take the form
(∫ (b−a)=2
0
(∫ a+h
a
|f(x + h)− f(x)|p dx
)
dh
h1+pl
)1=p
6
2
2l − 1
(∫ (b−a)=4
0
(∫ a+3h
a+h
|f(x + h)− f(x)|p dx
)
dh
h1+pl
)1=p
: (8)
The proof of the theorem will be based on the following statement.
Lemma. Let l¿ 0; k ∈N; k ¿ l; 16p; 6∞; ¿ 0; s∈N; s¿ 2, a∈R; 06 	16 	26∞.
Then for each real-valued function f measurable on (a; a+ (k + 	2))(∫ 
0
(h−l‖1khf‖Lp(a+	1h;a+	2h))
dh
h
)1=
6 sk−l sup
m∈N0 ;
m6k(s−1)
(∫ =s
0
(h−l‖1khf‖Lp(a+(s	1+m)h;a+(s	2+m)h))
dh
h
)1=
: (9)
We note that, in contrast to inequality (5), the ?niteness of the right-hand side of inequality (9)
implies the ?niteness of the left-hand side: it is not a priori assumed that the left-hand side of
inequality (9) is ?nite. If in (9) 	1 = 0; 	2 = 	, then an important distinction of inequalities (5)
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and (9) is that in (9)
k(s−1)⋃
m=0
(a+ (s	1 + m)h; a+ (s	2 + m)h) = (a; a+ (s	+ k(s− 1))h)
whilst in (5)
k(s−1)−1⋃
m=0
(a+ (	+ m)h; a+ (s	+ m+ 1)h) = (a+ 	h; a+ (s	+ k(s− 1))h):
Proof. Let, for h∈R, Eh denote the translation operator: (Ehf)(x) = f(x + h). Then, for k ∈N,
1kh = (Eh − I)k . The identity
(xs − 1)k = (xs−1 + · · ·+ 1)k(x − 1)k ;
where s∈N and x = Eh=s, implies that
1kh =
(
s−1∑
=0
Eh=s
)k
1kh=s:
Hence, by the polynomial formula,
1kh =

 ∑
k0+···+ks−1=k
k!
k0! · · · ks−1! I
k0(Eh=s)k1 · · · (E(s−1)h=s)ks−1

1kh=s
=
∑
k0+···+ks−1=k
k!
k0! · · · ks−1! ENh=s1
k
h=s;
where
N =
s−1∑
=1
k:
Note that 06N6 k(s− 1).
Furthermore,
‖1khf‖Lp(a+	1h;a+	2h)6
∑
k0+···+ks−1=k
k!
k0! · · · ks−1!‖ENh=s1
k
h=sf‖Lp(a+	1h;a+	2h)
=
∑
k0+···+ks−1=k
k!
k0! · · · ks−1!‖1
k
h=sf‖Lp(a+	1h+Nhs ;a+	2h+Nhs )
:
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Consequently,(∫ 
0
(h−l‖1khf‖Lp(a+	1h;a+	2h))
dh
h
)1=
6
∑
k0+···+ks−1=k
k!
k0! · · · ks−1!
(∫ 
0
(h−l‖1kh=sf‖Lp(a+	1h+Nhs ;a+	2h+Nhs )
)
dh
h
)1=
= s−l
∑
k0+···+ks−1=k
k!
k0! · · · ks−1!
(∫ =s
0
(h−l‖1khf‖Lp(a+(s	1+N )h;a+(s	2+N )h))
dh
h
)1=
: (10)
Since ∑
k0+···+ks−1=k
k!
k0! · · · ks−1! = s
k ;
the desired inequality (9) follows.
Proof of Theorem. Step 1: For 06 	16 	2¡∞, denote
J (	1; 	2) =
(∫ 
0
(h−l‖1khf‖Lp(a+	1h;a+	2h))
dh
h
)1=
and
K(	1; 	2) =
(∫ =s
0
(h−l‖1khf‖Lp(a+	1h;a+	2h))
dh
h
)1=
:
(If =∞, then the integrals should be replaced by the appropriate suprema.) Note that
K(	1; 	2)6 J (	1; 	2); (11)
for 16 	16 	26 2
J (	1; 	2)6 J (1; 2); K(	1; 	2)6K(1; 2); (12)
and, for 	16 !6 	2,
J (	1; 	2)6 J (	1; !) + J (!; 	2); K(	1; 	2)6K(	1; !) + K(!; 	2): (13)
With this notation inequalities (5), (9) and (10) take the form
J (0; 	)6 c3 sup
m∈N0 ;
m6k(s−1)−1
K(	+ m; s	+ m+ 1); (5′)
J (	1; 	2)6 sk−l sup
m∈N0 ;
m6k(s−1)
K(s	1 + m; s	2 + m); (9′)
and
J (	1; 	2)6 s−l
∑
k0+···+ks−1=k
k!
k0! · · · ks−1! K(s	1 + N; s	2 + N ); (10
′)
respectively.
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Step 2: Let !¿ 0 and !¡	6 s!+ 1. First we prove that
J (!; 	)6
sk
sl − 1 supm∈N0 ;
m6k(s−1)−1
K(	+ m; s	+ m+ 1): (14)
If, in particular, !=0, then this is the desired inequality (5′) with c3=sk=(sl−1) under the assumption
that 0¡	6 1.
2.1. If !¡	6 s! inequality (14) follows by inequalities (9′) with 	1 = !; 	2 = 	 and (12):
J (!; 	)6 sk−l sup
m∈N 0 ;
m6k(s−1)
K(s!+ m; s	+ m)
6 sk−lmax

K(	; s	); supm∈N;
m6k(s−1)
K(	+ m− 1; s	+ m)


6 sk−lmax

K(	; s	+ 1); supm∈N 0 ;
m6k(s−1)−1
K(	+ m+ 1; s	+ m+ 1)


6 sk−l sup
m∈N 0 ;
m6k(s−1)−1
K(	+ m; s	+ m+ 1):
2.2. Assume that s!¡	6 s! + 1. Since N = 0 for k0 = k, by (10′) with 	1 = ! and 	2 = 	, we
have
J (!; 	)6 s−lK(s!; s	) + s−l
∑
k0+···+ks−1=k;
k0¡k
k!
k0! · · · ks−1! K(s!+ N; s	+ N ): (15)
By (13), (11) and (12)
K(s!; s	)6K(s!; 	) + K(	; s	)
6 J (s!; 	) + K(	; s	+ 1)6 J (!; 	) + K(	; s	+ 1): (16)
If k0¡k, then at least one of k1; : : : ; ks−1 is greater than or equal to 1, hence 16N6 k(s − 1).
Therefore, taking into account that 	− s!− 1, by (12) we get
∑
k0+···+ks−1=k;
k0¡k
k!
k0! · · · ks−1! K(s!+ N; s	+ N )
6 (sk − 1) sup
m∈N;
m6k(s−1)
K(s!+ m; s	+ m)
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6 (sk − 1) sup
m∈N;
s6k(s−1)
K((	− s!− 1) + s!+ m; s	+ m)
= (sk − 1) sup
m∈N 0 ;
m6k(s−1)−1
K(	+ m; s	+ m+ 1): (17)
Inequalities (15)–(17) imply that
J (!; 	)6 s−lJ (!; 	) + s−lK(	; s	+ 1)
+ s−l(sk − 1) sup
m∈N 0 ;
m6k(s−1)−1
K(	+ m; s	+ m+ 1)
6 s−lJ (!; 	) + sk−l sup
m∈N 0 ;
m6k(s−1)−1
K(	+ m; s	+ m+ 1):
Since J (!; 	)6 J (0; 	)¡∞ and l¿ 0, inequality (14) follows.
Step 3: Let
0 = 0; r = sr−1 + 1; r ∈N;
hence
r =
sr − 1
s− 1 :
We shall prove by induction that if r−1¡	6 r; r ∈N, and J (0; 	)¡∞, then
J (0; 	)6Ar sup
m∈N 0 ;
m6k(s−1)−1
K(	+ m; s	+ m+ 1); (18)
where
A1 =
sk
sl − 1 ; Ar = (A1 + k(s− 1))Ar−1 + A1; r ∈N; r¿ 2: (19)
If r = 1 and 0 = 0¡	6 1 = 1, then inequality (18) follows by inequality (14) with != 0.
Step 4: Assume that i∈N; i¿ 2 and (18) is valid for r = i − 1. Let i−1¡	6 i = si−1 + 1.
Then by (13)
J (0; 	)6 J (0; i−1) + J (i−1; 	): (20)
By the inductive assumption
J (0; i−1)6Ai−1 sup
m∈N 0 ;
m6k(s−1)−1
K(i−1 + m; i + m): (21)
If i−1 + m¡	, then by (13), (11) and (12)
K(i−1 + m; i + m)6K(i−1 + m; 	) + K(	; i + m)
6 J (i−1; 	) + K(	; i + m): (22)
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If i−1 + m¿ 	, then by (12)
K(i−1 + m; i + m)6K(	; i + m): (23)
Furthermore, let m ∈N be such that
s	+ m¡i + m; s	+ m + 1¿ i + m:
Note that since i−1¡	
m6 [i − s	+ m] = [s(i−1 − 	) + m+ 1]6m6 k(s− 1)− 1:
By (12) and (13), for all m∈N 0 :m6 k(s− 1)− 1,
K(	; i + m)6K(	; s	+ m + 1)
6 K(	; s	+ 1) + K(s	+ 1; s	+ 2) + · · ·+ K(s	+ m; s	+ m + 1)
6 K(	; s	+ 1) + K(	+ 1; s	+ 2) + · · ·+ K(	+ m; s	+ m + 1)
6 (m + 1) sup
m1∈N 0 :m16m
K(	+ m1; s	+ m1 + 1)
6 k(s− 1) sup
m1∈N 0 ;
m16k(s−1)−1
K(	+ m1; s	+ m1 + 1): (24)
Inequalities (20)–(24) imply that
J (0; 	)6 (1 + Ai−1)J (i−1; 	) + Ai−1k(s− 1) sup
m∈N 0 ;
m6k(s−1)−1
K(	+ m; s	+ m+ 1):
Finally, since i−1¡	6 si−1, inequality (14) with !=i−1 can be applied to estimate J (i−1; 	),
which yields that
J (0; 	)6 ((1 + Ai−1)A1 + Ai−1k(s− 1)) sup
m∈N 0 ;
m6k(s−1)−1
K(	+ m; s	+ m+ 1)
which is inequality (18) for r = i because Ai = (1 + Ai−1)A1 + Ai−1k(s− 1).
Thus inequality (18) holds for all r ∈N.
Step 5. We note that Ar in (18), which is de?ned by (19), depends only on r; k; s and l. Indeed,
(19) implies that
Ar6 (A1 + k(s− 1))r−1A1 + (A1 + k(s− 1))
r−1 − 1
A1 + k(s− 1)− 1 A1
6 (A1 + k(s− 1))r−1(A1 + 1)6 (A1 + k(s− 1))r6
(
(k + 1)sk+1
sl − 1
)r
:
In its turn, given 	¿ 0, r ∈N is de?ned uniquely by the inequalities r−1¡	6 r where r =
(sr − 1)=(s − 1) for r ∈N and 0 = 0. Hence r = 1 for 0¡	6 1, r = 2 for 1¡	6 s + 1, and
r ¡ 2(ln(	− 1)=ln s) + 1 for 	¿s+ 1. Therefore, in (5), (5′) one can take
c3 =
(
(k + 1)sk+1
sl − 1
)2(ln(	+1)=ln s)+1
(25)
for all admissible values of the parameters.
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3. Concluding remarks
Remark 2. We note one of applications of inequality (7). Consider, for l¿ 0; 16p; 6∞ and
−∞¡a¡b¡∞, the Nikol’skii–Besov space Blp;(a; b)—the space of all real-valued functions f
measurable on (a; b) with ?nite norm
‖f‖Blp; (a;b) = ‖f‖Lp(a;b) +
(∫ (b−a)=k
0
(h−l‖1khf‖Lp(a;b−kh))
dh
h
)1=
: (26)
If  =∞, then the integral should be replaced by the appropriate supremum. Here k ∈N; k ¿ l.
(For di%erent k ∈N; k ¿ l, these norms are equivalent.)
By applying inequality (6) it can be proved that norm (26) is equivalent to the norm
‖f‖Lp(a;b) +
(∫ (b−a)=(	1+	2)
0
(h−l‖1khf‖Lp(a+	1h;b−	2h))
dh
h
)1=
for any 	1¿ 0; k6 	2¡∞.
Remark 3. The right-hand side of inequality (7) contains ‖1khf‖Lp(a+	h;a+h), where =2	+ k. The
question arises whether (7) holds for ¡ 2	 + k. In the simplest particular case the question is:
‘Does, for 0¡l¡ 1, 16p6∞ and for all f∈C∞([a; b]) the inequality(∫ (b−a)=2
0
(∫ a+h
a
|f(x + h)− f(x)|p dx
)
dh
h1+pl
)1=p
6 c5
(∫ (b−a)=(1+)
0
(∫ a+h
a+h
|f(x + h)− f(x)|p dx
)
dh
h1+pl
)1=p
:
with some c5¿ 0 independent of f, hold for some ¡ 3? for any ¿ 1?’
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